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Abstract. We obtain matrix- valued Jost asyniptotics for bfock Jacobi matrices under 
an L^-type condition on Jacobi coefficients, and give a necessary and suSicient condition 
for an analytic matrix-valued function to be the Jost function of a block Jacobi matrix 
with exponentially converging parameters. This establishes the matrix-valued analogue 
of Damanik-Simon [6] . 

The above results allow us to fully characterize the matrix-valued Weyl~Titchmarsh 
TO-functions of block Jacobi matrices with exponentially converging parameters. 
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1. Motivation 

The main aim of this paper is to generahze some known properties from the theory of 
orthogonal polynomials on the real line to the matrix-valued case. The basic construction 
of the matrix-valued theory is almost identical to the scalar case. We give the details in 
the next section (see for a more extensive review) . This will lead us to considering the 
following question. We will be studying the / x / matrix-valued solutions (/„(i?))J^o 

fn+l{E)Al + fn{E){Bn ' 1^) + /„-l(^)A„_i = 0, n = 1, 2, . . . 

where An-, are invertible / x / matrices with i?„ positive, 1 is the / x / identity matrix, 
and E a complex number. 

One of the possible solutions to this recurrence is the sequence of the (right) orthonormal 
polynomials fn{E) = p^_^{E,J') associated with the block Jacobi matrix 

/ fii \ 
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(see below). 

Another natural choice, however, is the unique (up to a multiplicative constant) decay- 
ing Weyl solution, which exists for all E with Rei? 7^ 0. If the matrix J is reasonably 
close to the "free" block Jacobi matrix j7o (which is, the block Jacobi matrix with = 1, 
= 0), then its (normalized) Weyl solution (m„)J^q converges to the Weyl solution of 
Jq. In this case we call (Mn)5^o J^^^ solution (see Definition 13.21 below), and we say 
that Jost asymptotics holds. By the Jost function we will simply call the first element Uq 
(see Definition 13.31 below). 

Jost solution and Jost function are natural objects of study for many various reasons. 
One of the most immediate ones is that Jost asymptotics is essentially equivalent to the 
existence of the limit z"p^(z -|- z~^) (the so-called Szego asymptotics). The existence of 
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this limit has been a popular topic for many years, starting from Szego's 1920 paper [25] . 

The relevant most recent results in the scalar and matrix-valued settings can be found in 
[13 [151 E] and [U [T7] respectively. Another reason for the interest is that the properties 
of the Jost solution are closely related to the properties of the Weyl-Titchmarsh function 



where fi is the (/ x / matrix- valued) spectral measure of J^. This is a meromorphic Herglotz 
function on C\ess supp fi. Recall (see more details in Section |23|) that a Herglotz function 
is a function satisfying Imm(2;) > if Im^ > 0. Conversely, any Herglotz function has 
the associated measure /i, and it could be of interest to study the correspondence between 
properties of m and of JT. 

Jost asymptotics has been a very well studied topic for the scalar case (see [5l El [11] 
and references therein), but the matrix- valued analogue still lacks the complete theory. 

The results of this paper can be divided into three parts. 

Part I of the results (Section l3.ll) deals the direct problem: we prove that Jost asymp- 
totics holds under an L^-type condition ( fl3.3p ) on the Jacobi parameters An,Bn, and 
establish numerous properties of the Jost function and Jost solution. 

Part II of the results (Section 13. 2p deals with the inverse problem: we characterize in 
an if-and-only-if fashion all possible Jost functions of exponentially small perturbations 



Finally, the results from Part II allow us to characterize in an if-and-only-if fashion all 
possible Weyl-Titchmarsh functions of exponentially small perturbations of JTq. Another, 
and perhaps more interesting, way of looking at it, is that we can link properties of a 
meromorphic Herglotz function and the asymptotic behavior of the Jacobi coefficients of 
the associated measure. This constitutes Part HI of the results (Section 13. 3p . 

Some of the results in Part I already appeared in Geronimo [9], and this will be men- 
tioned and elaborated later as we state the results. 

Part I and Part II follow closely the scalar analogues of Damanik-Simon [6] (see also 
j23[ Chapter 13]). Apart from numerous technical complications, the ideas of the proofs 
are borrowed from the mentioned paper. 

Finally, the results of Part HI appear to be new even in the scalar case. Geronimo in 
pUI Thm 14] (see also Geronimo-Nevai [12]) establishes a closely related criterion about 
the equivalence of the exponential decay of the Jacobi coefficients and certain properties 
of the spectral measure, using different methods (for the scalar case only). 

Similar results can be also established for the perturbations of the periodic Jacobi 
matrices, see the upcoming paper [16] . 

The organization of the paper is as follows. We cover some basics of matrix-valued 
orthogonal polynomials, Herglotz functions and matrix-valued functions in Section [2j 
Some auxiliary results are also collected there. In the three subsections of Section [3] we 
state the main results corresponding to the Parts I, II, HI. Then in Section [U [3 and 
[3 respectively, we prove them. Note that Part I has many results scattered throughout 
Section [U and it would be too space-consuming to list them all in the Subsection 13.11 
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can be avoided when dealing with the bound states in the scalar case. Later this lemma 
was eventually generalized to the matrix- valued case in the recent [24j. 

2. PRELIMINARIES 

2.1. Orthogonal Polynomials on the Real Line. We will introduce some basics of 
the theory of matrix-valued orthogonal polynomials on the real line here. The scalar 
theory is of course a special case / = 1. We will mention some of the differences between 
the scalar and matrix-valued cases as we proceed. 

The proofs of most of the results listed here, along with more details, can be found in 
the paper by Damanik-Pushnitski-Simon 

Let /i be an / X / matrix-valued Hermitian positive semi-definite finite measure on M of 
compact support, normalized by /i(M) = 1, where 1 is the / x / identity matrix. For any 
/ X I dimensional matrix functions f,g, define 

(2.1) {{f,9))LH,) = I fixrdfiix)g{x); 

where * is the Hermitian conjugation. 

What we have defined here is the right product of / and g, as opposed to the left 
product / f{x)dfi{x)g{x)*, whose properties are completely analogous. 

Measure /i is called non-trivial if || ((/, /))j^2(^) || > for all matrix- valued polynomials 
/. From now on assume fi is non-trivial. Then the standard arguments show that there 
exist unique (right) monic polynomials P^ of degree n satisfying 

((Pn > /))l2(^) = for any polynomial / with deg f < n. 

For any choice of unitary / x / matrices r„ (we demand Tq = 1), the polynomials 

(2.2) P^ = P^{{PtP^)):Zr^ 
are orthonormal: 

where Sn,m is the Kronecker 6. Using orthogonality one can show that they satisfy the 
(Jacobi) recurrence relation 

(2.3) xp^ix) = p^_,,ix)A:^, + p^(x)i?„+i + p1i(x)A„, n = 1, 2, . . . , 

where matrices v4„ = {{p^_^, xp^)) ^^^^y = ((p^_i, xp^.i))^^^^^ are called the Jacobi 

parameters (with p^-^^ = 0, Aq = 1, the relation holds for n = too). 

In the exact same fashion, just using the left product instead of right, one can define 
the left monic orthogonal polynomials P^ and left orthonormal polynomials p^. It is not 
hard to see that P^(z) = P^f^)* and p^{z) = p^iz)*. 

Whenever we write p„ without the sup- index ^ or ^, we will mean the right orthonormal 
polynomial p^. 

Note that if Z = 1 it is natural to choose r„ = 1 in (12.21) . In particular this gives the 
equality of left and right orthonormal polynomials, the Jacobi parameters become real, 
and AnS positive. This choice of r„'s is not necessarily the best if / > L See Subsection 
12.21 for the further discussion. 

We can arrange sequences {A„}^^, {Bn}'^=i into an infinite matrix (II. ip which we call 
a block Jacobi matrix, if / > 1. 

U An = 1, Bn = the corresponding block Jacobi matrix is called free. 
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Conversely, any block Jacobi matrix (11 .ip with invertible {v4„}^]^ gives rise to a matrix- 
valued Hermitian measure fi via the spectral theorem. If Z = 1 this establishes a one-to- 
one correspondence between all non-trivial compactly supported measures and bounded 
Jacobi matrices. If / > 1 the same holds, except now the correspondence is with the set 
of equivalence classes of bounded block Jacobi matrices (see Definition 12.41) . This has the 
name of Favard's Theorem (see |3] for a proof in the matrix- valued case). 

Since we will be considering perturbations of the free case, the following two classical 
results will prove to be useful. 

Lemma 2.1 (Weyl's Theorem). If An — ?■ 1, i?„ — t- 0, then esssupp/i = [—2,2]. 

Lemma 2.2 (Denisov-Rakhmanov Theorem). Assume fi is a non-trivial I x / matrix- 
valued measure on M with associated block Jacobi matrix J of type 3 such that esssupp fj, = 

[-2, 2] and det > a.e. on [-2, 2]. Then An ^ 1, 5„ ^ 0. 

Definition 12.51 below explains what it means for a Jacobi matrix to be of type 3. 

Lemma [2. II is trivial, while Lemma [2.21 in the form given here, is proven in [3] (see also 
[28], as well as P|20]). 

Define the (Weyl-Titchmarsh) m-function of the measure fi to be the meromorphic in 
C \ esssupp /i matrix- valued function 

(2.4) m{z) ^ ' ^ 



X — z 

Define J^^^ to be the " once-stripped" Jacobi matrix with the Jacobi parameters {An, Bn} 
i.e., the Jacobi matrix of the form (II. ip with the first row and column removed. Then the 
following holds (the matrix- valued version is due to Aptekarev-Nikishin [1]): 

(2.5) Aim{z; J^W)^^ = Bi - Iz - m{z; J)~\ 

We will use the following result. This is proven in [8] for the scalar case, and appears 
in |1] for the matrix-valued case. 

Lemma 2.3. Let (Tess{>J) ^ [~2,2]. Then, for every e > 0, there exists N such that for 
n>N, we have that a{j'^"-^) C[-2-e,2 + e]. 

2.2. Equivalence Classes of Block Jacobi Matrices. 

Definition 2.4. Two block Jacobi matrices J and J are called equivalent if they cor- 
respond to the same spectral measure fi {but a different choice of Tn's in (12.21) ). 

They are equivalent if and only if their Jacobi parameters satisfy 

(2.6) An = a^Anan+l, Bn = anBndn 

for unitary cr„'s with ai = 1 (the connection with r^-'s is cr„ = T*_^r„_i). It is easy to see 
that 

(2.7) p^(x)=p^(x)a„+i, 

where p„ are the orthonormal polynomials for J associated with the Jacobi parameters 

{^n}5^1, {Bn}'^=i- 

Definition 2.5. A block Jacobi matrix is of type 1 z/ A„ > for all n, of type 2 if 

A1A2 . . . An > for all n, and of type 3 if every An is lower triangular with strictly 
positive elements on the diagonal. 



00 
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Each equivalence class of block Jacobi matrices contains exactly one matrix of type 1, 
2, and 3 (follows from the uniqueness of the polar and QR decompositions, see for the 
proof). 

Definition 2.6. We say that J is in the Nevai class if 

Bn ^ 0, AnAl ^ 1. 

Note that this definition is invariant within the equivalence class of Jacobi matrices. 
Then 

Lemma 2.7. Assume J belongs to the Nevai class. If J is of type \, 2, or 3, then 
An ^ 1 as n ^ oo. 

This result was proven in [4j for the type 1 and 3 cases, and in [18j for type 2. 

Note that since we are interested in the asymptotics of the orthonormal polynomials as 
n — oo, and because of the relation fl2.7p . it is desirable to know when hm„^ooO"n exists. 
This explains the need of the following definition. 

Definition 2.8. Two equivalent matrices J and J with (\2.6\\ are called asymptotic to 

each other if the limit lim„_j.oo o"„ exists. 

Clearly this is an equivalence relation on the class of equivalent Jacobi matrices. Note 
that establishing asymptotics for orthonormal polynomials automatically establishes the 
corresponding asymptotics for the polynomials corresponding to any Jacobi matrix as- 
ymptotic to the original one. 

The following was proved in |18] 

Lemma 2.9. Assume 

oo 

(2.8) ^[||l-A„A:|| + ||i?„l|]<oo. 

n=l 

Then the corresponding Jacobi matrices of type 1, 2, and 3 are pairwise asymptotic. 

It was also shown in |pL8j that any equivalent Jacobi matrix, for which eventually each 
An has real eigenvalues, is also asymptotic to type 1, 2, 3. 

2.3. Herglotz Functions. 

Definition 2.10. An analytic in C+ = {z : Imz > 0} / x / matrix-valued function m is 
called Herglotz iflmm{z) > for all z G C+. 

Here Im T = . 

We can also define m on the lower half plane C_ by reflection m'yz) = m{z)*, so that 
Imm(z) < for all z with Im^; < 0. In particular the m-function m defined in (12. 4p is 
Herglotz. 

We will assume from now on that det Imm(z) is not identically zero, in which case the 
inequality in lmm{z) ^ is everywhere strict (see [131 Lemma 5.3]). 
The following result is well-known (see, e.g., p[3l Thm 5.4]). 

Lemma 2.11. Let m be an I x I matrix-valued Herglotz function. Then there exist an 
I X / matrix-valued measure /i on R satisfying j^dfi{x) < oo, and constant matrices 
C = C*,D >0 such that 

(2.9) m(z) = C + Dz+ [ (— — ^ ) d/i(a;), z e C+. 
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The absolutely continuous part of fi can be recovered from this representation by 

(2.10) /(x) = ^ = 7r~^ lim Imm(x + ze), 

ax sio 

and the pure point part by 

(2.11) /i({A}) = lime: Imm(A + is) = lim£:m(A + is). 

Definition 2.12. A discrete m-function is a Herglotz function, m{z), which has an 
analytic continuation from C+ to C\I for some bounded interval / C M, and satisfies 

z eR\I ^ lmm{z) = 0, 

m{z) = z^^l + 0(z^^) at oo. 

The following is immediate from Lemma 12.111 

Lemma 2.13. A function m{z) on is a discrete m-function if and only if 

f dfi{x) 
Jj^ X — z 

for some probability measure fi onM. with bounded support. 

2.4. Matrix- Valued Functions. Throughout the paper, all meromorphic/analytic ma- 
trix functions are assumed to have not identically vanishing determinant. 

The order of a pole of an / x / matrix-valued meromorphic function / is defined to be 
the minimal k > such that lim2^2Q(2; — ZqY f{z) is a finite nonzero matrix. 

By a zero of a matrix-valued meromorphic function / we call a point at which f~^ has 
a pole. 

We will make use of the so-called (local) Smith-McMillan form (see, e.g., Thm 3.1.1]). 

Lemma 2.14. Let f{z) be an I x I matrix-valued function meromorphic at zq with deter- 
minant not identically zero. Then f{z) admits the representation 

(2.12) f{z) = E{z) diag {{z - z^r, ...,{z- zoT') F{z), 

where E{z) and F{z) are I x I matrix-valued functions which are analytic and invertible 
in a neighborhood of zq, and > ^2 > . . . > are integers (positive, negative, or zero). 

This immediately gives us the following corollary. 

Lemma 2.15. Let u be an analytic function at zq such that Zq is a zero o/det u of order 
k > 0. Then dimker ^(2:0) = k if and only if zq is a pole of u{z)~^ of order 1. 
// this is the case, then 

ker Res ■u(2;)^"'^ = RanM(zo), 

Ran 'Resu{z)^^ = keru(zo)- 
2=20 

Proof. Both of the conditions in the if-and-only-if statement are equivalent to saying that 
Ki = . . . = Kk = 1, = . . . = = in the Smith-McMillan form of u{z) at zq. Then 
note that both keTReSz=zoU{z)~^ and RanM(2;o) are equal to E{zo)spa,n {6k+i, ■ ■ ■ 
Similarly, both Ra.ia ReSz=zoU{z)~^ and keru(zo) are equal to F(2;o)~^span ■ ■ ■ ,6k}- 

□ 

We will also be needing some facts about matrix-valued outer functions and matrix- 
valued Blaschke-Potapov products. 
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Lemma 2.16 (Wiener-Masani [27J). Suppose w{6) is a non-negative matrix-valued func- 
tion on the unit circle satisfying 



/ logdetw(6') — > — oo. 
J~n 27r 



Then there exists a unique matrix-valued H'^iJ}) function G{z) satisfying 

(2.13) Gie'^Gie'^) = w{e), 

(2.14) G{Oy = G{0) > 0, 

de 



(2.15) 



log|detG'(0)| 



log|detG(e" 



This is a well-known result of Wiener-Masani [27]. The proof of the uniqueness part 
can be found, e.g., in 

Equality fl2.15p implies (see [2T1 §17.17]) that det G{z) is a scalar outer function, which 
implies (by definition) that G{z) is a matrix-valued outer function. 

The Blaschke-Potapov elementary factor is a generalization of scalar Blaschke factors: 



s,U[Z) 



U* 



\ 



^3 ^~^3^ 





















^3 

^3 1 — ^j'^ 














1 











1 / 



z e 



where Zj G D, s is the number of the scalar Blaschke factors on the diagonal (0 < s < /), 
and f/ is a unitary constant matrix. Clearly Bz-^s,u is an analytic in D function with 
unitary values on the unit circle. 

We will need the following (slightly modified) lemma from |17] : 

Lemma 2.17. Let {zk}'^=i with YlT=i(^ ~ \^k\) < 00 be given, with all Zk pairwise differ- 

ent. For any sequence of subspaces Vk C C', there exists a unique product B{z) =YYjLi 
Bzj,sj,Uj{z) for some choice of numbers Sk, ^ Sk < I, and unitary matrices Uk, that 
satisfies 



(2.16) 



\iei B{zk) = Vk for all k. 



2.5. Miscellaneous Lemmas. Recall that an infinite product YlJLi '^j with aj 7^ is 
called absolutely convergent if 11 — aj| < 00. We will be needing the following easy 
statements. 



Lemma 2.18. 



i) // YlTLi (^j with Oj is absolutely convergent then 



sup 

ACN 



jeA 



< 00. 



(ii) Let a„ — )■ and YlTLi < 00. Th 



len 



^ an-jhj 0. 
3=0 
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Proof, (i) If rijli S is absolutely convergent, then so is H^i kil' ^o without loss of 
generality we can assume a, > 0. Then 



n 

ieA 



(ii) For any e > find such that \aj\ < e for all j > A^. Then for n > N: 



j=0 



< 



N 
j=0 



; < 



j=0 



which implies limsup^.^^^^ |X]j'=o — ^ Sjli l^jl^ proves (ii). 
Remark. Note that part (ii) works also for the matrix-valued a's and 6's. 
Lemma 2.19. There exists a unique I x / matrix W satisfying 

(2.17) WA = B, 

(2.18) 

if and only if ker A C ker 5. 
Proof. Straightforward/standard. 



RanW = RanS, 



□ 



□ 



3. Main Results 

3.1. Part I. Direct Problem. As was mentioned in the introduction, we are interested 
in the / x / matrix-valued solutions (/„(-E'))J^o 

(3.1) fn+i{E)Al + fn{E){Br, - IE) + /„_i(E)A„_i = 0, n 

By dM]), one solution of this is fn{E) = p^„i{E, J). 



1,2,... 



Definition 3.1. For any two sequences (f. 



nJn=0> \^nJn=0 



their Wronskian is 



Wniv, W; J) = VnAnWn+1 - Vn+lA^Wn- 



If Vn{E) and Wn{E) both solve (13. ip . then Wn{vn{E) , Wn{E)*) is independent of n 
(see [4j). 

In this subsection we will be considering only J' with esssupp fi = [—2, 2], so it will be 
convenient to move from C \ [—2, 2] to © via z + = E. 



Definition 3.2. The Jost solution, {un{z] J')}'^^^, is a solution of (13. ip with 

(3.2) z-^Un{z-J)^l 

as n ^ oo, where z + z~^ = E. 

In general there may or may not be a solution of (13.11) satisfying (13. 2p . though there 
always exists an (Weyl's) solution of (13. ip for 2; G ©. 

Definition 3.3. // the Jost solution exists (it is then unique, of course), then the Jost 
function is defined to he 

u{z- J) = W{u.{z; J), pii(2; + z'^; J)) = Uo{z- J), 



where Pn{^) ^'^s ^^/^ orthonormal polynomials of J'. 
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The last equality here comes from the constancy of the Wronskian. 
In Section m we establish that the Jost solution and Jost function exist for block Jacobi 
matrices asymptotic to type 1 under the condition 

oo 

(3.3) + <oo, 

and establish a number of their properties. See Theorems I4.H I4.6[ 14.81 in Section HJ 
Theorem 14.11 and parts (iv)-(vi) of Theorem 14.61 already appeared in Geronimo's [5]. 

These results also give us the following corollaries. Firstly, it's Theorem 14. 4[ which is 
Szego's asymptotics under an L^-type condition on the Jacobi coefficients. This results 
was already obtained by other methods in [T^ , where Szego asymptotics is established in 
a larger generality. Second corollary is Theorem 14. 8[ which is the matrix- valued analogue 
of a theorem in the Killip-Simon's paper |T5]. It says that under the L^-condition, the 
Jost function has trivial singular inner part. 

3.2. Part II. Inverse Problem. Here we deal with the inverse direction. First we prove 

Theorem 3.4. Let u he an analytic function in a disk D/j = {2; | |z| < R} for some 
R > 1, whose only zeros in D lie in (D fl M) \ {0} with those zeros all simple {in the 
meaning that the poles of u{z)~^ are simple). For each zero Zj in (D fl M) \ {0}, let a 
nonzero matrix-valued weight Wj > be given so that 

(i) Ej + I sin^ e {u{(^^yu{e'% dO = 1 

(ii) Ran Wj = kei u{zj) for all j . 

Then there exists a unique measure dfi for which wj are the weights and u is its Jost 
function for some choice of Jacobi matrix from the equivalence class corresponding to dfi. 
Any such matrix is of type asymptotic to 1 . 

Note that the conditions in this theorem are also necessary in view of Theorem 14.61 Now 
that we established the existence of the measure fi, we can further specify the properties 
of u which correspond (in an if-only-if fashion) to the prescribed exponential decay of the 
Jacobi parameters. 

We will need the following definition, after which we will state the last two main theo- 
rems of the section. 

Definition 3.5. Let u satisfy the conditions of Thereom Suppose u has a zero at 
some 1 > \zj\ > R^^, Kanwj = ker u{zj). The weight wj is said to be canonical if 

(3.4) Wju{l/zjy = -{zj - zj^) lim {z - Zj)u{zy\ 

Zj — Zj z^^i 

Theorem 3.6. // a polynomial u{z) obeys 

(i) u{z) is invertible on (D \ M) U {0}; 

(ii) all zeros on © fl M are simple; 

(iii) Tlj'^i + lo ^^"^^ ^ [u(e*^)*u(e'^)] ^ d9 = 1 for some Wj > 0, Ra.nwj = ker u{zj) 
for each zero Zj of u m D fl R, 

then u is the Jost function for a Jacobi matrix with exponentially converging parameters. 
It has 1 — AnA*^ = Bn = for all large n if and only if all the weights are canonical. 

Theorem 3.7. Let u{z) be analytic in for some R > 1 and obeys (i), (ii), (Hi) 
from Theorem \3.6[ Then u is the Jost function for a Jacobi matrix with exponentially 
converging parameters. It has 

(3.5) limsup(||Sj| + 111 - AnAlWf'' < R-' 
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if and only if all weights for zj with 1 > l^;^! > i? are canonical. 
Remark. By "exponentially converging parameters" it is meant that they satisfy 

limsup(||5j| + ||l-A„A:||)^/'"<r-i 

n— )-oo 

for some r (in general r = minjll^;^ |~^}, unless some of the weights are canonical). 

3.3. Part III. Meromorphic Continuations of Matrix Herglotz Functions and 
Perturbations of the Free Case. As we mentioned earlier, the results of Part III are 
new even for the scalar case / = 1. Note that in this setting, (D) of Theorems 13.81 and 
13.91 is reduced to the much simpler condition that M has no simultaneous singularities at 
points Zj and z~^ (see Proposition 16. ip . 

We will consider measures /i with essential support one interval. By scaling and trans- 
lating we can assume that esssupp/i = [—2,2]. Instead of discussing meromorphic con- 
tinuations of m (see (12. 4p ) through (—2, 2), it will be convenient to move C \ [—2, 2] to D 
via the inverse of z ^ z + z~^, and discuss the meromorphic continuations of 

(3.6) M{z) = -m{z + z-^) 

from D through (9D. Note that M is also Herglotz in the meaning that ImM(2;) ^ if 

z e C± n D. 

Let us use the notation M'^{z) = M(z"^)*. 

Note that any Herglotz function m has an associated measure /x (Lemma 12. lip , which 
has an associated class of equivalent block Jacobi matrices. 
We prove the following result. 

Theorem 3.8. Let xn be a discrete I x I matrix-valued m-function, and M is given by 
(13. 6 p . Let R> 1. The following are equivalent: 

(I) The corresponding to m Jacobi matrices {An, -BnjJ^i satisfy 

(3.7) limsup iWBnW + 111 - A„A:||)^/'" < R-\ 

n—^oo 

(II) All of the following holds: 

(A) M has a meromorphic continuation to 3^. 

(B) M has no poles on dlD) \ {±1}, and at most simple poles at ±1. 

(C) {M{z) — M\z))~^ has no poles in R > \z\ > R~^ except at z = ±1 where 
there might be simple poles. 

(D) If M has a pole at Zj E {z : R~^ < \z\ < 1} and at z~^ , then 

(3.8) Ran ResM(;z) C ker(M(2-^) - M\z;^))-\ 

Z = Zj ■' ■' 

(3.9) Ran ResM{z) C (Ran(M(z-i) - {zj^))-^ M {zj^))^ . 

Z — Zj 

Note that i? = oo is allowed, in which case (i) states that the decay of the Jacobi 
coefficients is subexponential, while in (ii) M is meromorphic in C. We can also demand 
that M is actually meromorphic in C U {oo} (which, of course, is the same as saying that 
M is a rational matrix function). This corresponds to strengthening the condition (I) to 
fl3.10p . Therefore we are able to characterize all possible M-functions of eventually-free 
Jacobi matrices. 

Theorem 3.9. Let m be a discrete I x / matrix-valued m-function, and M is given by 
(13. 6p . The following are equivalent: 
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(I) The corresponding to m Jacobi matrices {An, -B„}J^i satisfy 

(3.10) 1 1 fi„ 1 1 + 1 1 1 - A„ a; 11=0 for all large n. 

(II) All of the following holds: 

(A) M is a rational matrix function. 

(B) M has no poles on dlD) \ {±1}, and at most simple poles at ±1. 

(C) (M(z) — M^{z))~^ has no poles in C\ {0} except at z = ±1 where there might 
be simple poles. 

(D) If M has a pole at Zj E D and at z~^ , then 

(3.11) Ran Res M{z) C keT{M{z;^) - M\z-^))-\ 

Z=Zj ■' ■' 

(3.12) Ran ResM(2) C (Ran(M(z-i) - M\z^^))-^M{z-t'^))^ . 

Z — Zj 

Remarks. 1. Condition (13^81) / fl3rTT]) implies that {M{z) - M^{z))-^M{z) is analytic at 
so the right-hand sides of (13.91) / 03.121) make sense. 

2. If Z = 1 then (D) is equivalent to the condition that M has no simultaneous singu- 
larities at points Zj and z~^ (see Proposition 16. ip . 

3. M can have poles of at most order 1 in D, however poles in C\D may be of arbitrary 
order. In (D), if M is assumed to have poles of order 1 at both zj and z~^ then f l3.8p -( l3^ 
f (l3TT|) -( l3TT2|) ) are equivalent to 

RanWj C Ran (wj — z'^qj), 
Ranwj n Rangj = 0, 

where Wj = —ReSz=zj M{z), qj = Res^^^-i M{z) (see Proposition 16.10 . 

4. See also [TOl Thm 14] and [12] for a somewhat related result on the relation between 
the exponential decay of Jacobi parameters and properties of the measure fi (for the scalar 
/ = 1 case). 

5. Conditions (A) and (C) can be restated in terms of the meromorphic continuation of 
the absolutely continuous density f {2 cos 6) ( function of e'^ e dB). Condition (B) of 
course just means that there is no point spectrum of /i on [—2, 2]. Condition (D) depends 
on both absolutely continuous and pure point parts of the measure. 



4. JOST ASYMPTOTICS FOR MATRIX- VALUED ORTHOGONAL POLYNOMIALS 

In this section we will be using notation 



J 



(fc) 





Ak+i 





\ 


A* 


Bk+2 


Ak+2 







A* 


Bk+3 




\ 






■■ J 



Jk 



A\ 

A 



Ai 

B2 



\ 





A2 



4* 






Bk 

K 





Ak 






1 





Recall that we introduced the M- functions M[^z^ = —m{z + z Denote M^'^^z) to 
be the M-function corresponding to J'^'^^ (in particular M*^°^ = M). Then the relation 



12 ROSTYSLAV KOZHAN 

(12. 5p takes form 

(4.1) A„+iM("+^)(^)A:+i = (^z + 1^ 1 - B^+, - M^-\z)-' 

for z e D, n > 0. 

Since M^''\z) / z = 1 + 0{z) at ^ = 0, this gives 

(4.2) = ^ " ^"+^^ " - 1)^' + 
4.1. Jost Function via the Geronimo— Case Equations. 

4.1.1. Jost function for eventually free Jacobi matrices. First we wiU show existence and 
derive some properties of the Jost solution and the Jost function for the matrices jTfc- 
Clearly we can construct a unique solution Un{z; Jk) which solves (13. ip for and satisfies 
Un{,z] Jk) = z"'l if n > A; + 1, where z + z~^ = E. 

Since Uk{z] Jk) = z^A'^^, taking the Wronskian at n = fc, we find, 

u{z; Jk) = zYki^ + z-'; Jk) - z'^'Alptiiz + z''; Jk). 
This suggests to define 

(4.3) gn{z) = z- (p^ {z + z-\ J) - zAlpti + J)) 
and 

(4.4) c„(^) = z"p^(^ + z'i;j). 

Clearly Qn is a polynomial in z of degree at most 2n, and c„ of degree exactly 2n. The 
equation (14. 3 p can be written as 

(4.5) gn{z) = Cn{z) - Z^AlCn-l{z). 

Since p^(2:; J) = Pni^i Jk) for n < k, we have 

(4.6) gr,{z) = u{z;Jn). 

Multiplying by 2;""'"^ the recursion relation for left orthogonal polynomials (we will start 
writing pn{z) instead of pn{z; J) when J is clear from the context) 

A„+iP^+l + + (^n+l - + 1) Pn + ;) " ° 

and using (14. 5p . we get 

(4.7) An+lCn+l{z) = [z^l - zBn+l) Cn{z) + Qniz). 

Combining (14. 5 p and (14. 7p . we obtain 

(4.8) An+ign+l{z) = {z^ (1 - v4„+iA*+i) - zBn+l) Cn{z) + gn{z). 

The recursion equations (14.71) and (14.81) with the initial conditions go^z) = co{z) = 1 
are usually referred to as the Geronimo-Case equations (introduced in |II]). They can 
also be written in the form 

(4.9) ( ) = K+i 

V 9n+l J 

where Vn is the 11 x 2/ matrix 
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Since u = if = 1, 5^ = for > n + 1, it is straightforward to see the following 
theorem holds. 

Theorem 4.1. Let AkAl - l = Bk = Ofork>n + l (i.e., J = Jn), then u{z; J) is a 
polynomial. Moreover: 

• if AnA*^ 7^ 1, then deg(M) = 2n; 

• if AnAl = 1, but Bn ^ 0, then deg{u) = 2n-l. 

Proof. By (14. 6p . u{z; J) = Quiz), and then (14 .Sp gives 

u{z; J) = A-^ [{z^ (1 - A^A*J - zBr) Cn-i{z) + Qn-iiz)] . 

Since deggu < 2k and degc^ = 2k, we obtain each statement of the theorem by induction. 

□ 



4.1.2. The general case. Just as in [B], we will be making one of the three successively 
stronger hypotheses on the Jacobi coefficients: 

oo 

Y,[\\Bn\\ + \\l-A^A*J\]<oo (Al) 

n=l 

oo 

J2n[\\Bn\\ + \\l-A^A*J\]<^ {A2) 

n=l 

I I + 1 1 1 - AnA;| I < Ci?"^" for some R > 1 {A3) 
and study properties of the Jost function for each case. 
Note that we have the following: 

Lemma 4.2. // the Jacobi parameters satisfy (Al), and J is of type asymptotic to \, 

then the product Y[n=i converges, and the limit is an invertible matrix. Moreover, 

Y[^=i ll^n^ll < ^ '^'^^ n^^i 1 1 Aral I < products convcrgc absolutely. 

Proof. Assume J' is of type 1, i.e., = A* > 0. Then IIAn"*^!! < follows from 



oo 



5^ll-IIA-llll <5^lll-A-lll <5^IIA-^IIII1-A„I 

n=l n=l n=l 

oo 

(4.11) < sup IIAT^II 5^ 111 - AlW 11(1 + A^r'l 

^ n=l 
oo 

<c$:iii-A^ii< 



^ n=l 
oo 

I I - . 9 I I 

oo, 

n=l 

where we can bound ||A~-^|| and ||(1 + v4„)~^|| uniformly since J' is in the Nevai class, so 
An 1, so (1 + ^ |1. 

The bound for |1 — ||A„||| is analogous. 

Note that we also showed that Yl'^=i l|l ^ A„|| < oo. It is proven in [26] that given 

this, the limit Yln=i ^n, exists and is invertible. 

Now let JT" be any matrix satisfying (Al) asymptotic to type 1, satisfying (12. 6p . Then 

Y[n=i An =nn=i An<JN+i sAso has an invertible limit. □ 

Define gn and c„ by (14. 7p and (14. 8 p with the initial conditions go{z) = co{z) = 1. 
Lemma 4.3. Assume J is of type 1. 
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(i) Let (Al) hold. Then uniformly on compacts Kof3\ {±1} = E, 



(4.12) 

(ii) Let {A2) hold. Then 
(4.13) 

(4.14) 



sup ||c„(2)|| + llfi-nl^;)!! < OO. 



sup _\\gn{z)\ \ < OO, 



\\Cn{Z \ 

sup 



< OO. 



(iii) Let {A3) hold. Let K he any compact subset of z E {z \ \z\ < R} = with 
r = sup^g^ |2;| > 1. There exists some constant C such that for all z E K 

(4.15) \\cn{z)\\ + \\gn{z)\\<C[ui^^{l,r)f^ . 



In each of these cases the limit 



goo{z) = lim Qniz) 



exists, uniformly on compacts of the corresponding region: E for [Al), © for {A2), and 
for {A3), goo is continuous there, and analytic in the interior. 



Proof, (i) Define the norm y j ~ ll^ll + 11-^11 ^'^^ ^ ^ ^ matrices A,B, and let 

||l^||iri for any 21 x 21 matrix V be the induced operator norm. Taking (14. 9p into account, 
the estimates f l4.12p and fl4.15p will be proved if we show the corresponding results for 
||V^(z) . . . Vi(2;)||m- Observe that for z ^ ±1, 

z^l 1 




where 



So denoting 



L{z) 



1— 

1 



Liz 



1-1 



1 




1 



L{z\ 



— ZBr 



z'{l-AnA*J-zBn 



1 



L(z) 



we obtain from fl4.10p 



4-1 



A 



zH 



Liz) 



Hz)'' 
A-' 



z^l 
1 



Liz)-' 



since L{z) and ^ ^ commute. 

Then we get that for any z, z ^ ±1, 

(4.16) ||K...^i||.„< \\L{z)\Un\\L{z)-'h 



i2n 



xIHi-^j'iiIKi + iii 

3=1 3=1 

By Lemma 1121 we can bound 11^=1 11^7^11- 



[max(l, \z\)\'"" X 
L{z)-'\ 



z 



I in 



\1-A,A* 
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For any compact i^ofE, sup^g^'ll-^l-^^)!!*" II -^(-2^)"^ II m < oo, so taking supremum in (14.161) 
over z ^ K and using (Al) we obtain 

sup ||c,,(2;)|| + = M < oo 

for some constant M. 

(ii) Note that by Lemma [2.18l (i). we have 



sup TT \ \A- """I I = p < oo. 

AcN 

Let us show inductively that 



ikwii <nii^7'ii n[i+^'(ii^^-ii+iii-^A* 
j=i j=i 

and 

n n 

\\cr.{z)\\<{n + l)\[\\A-^'\\\[[l+j{\\B,\\ + \\l-A,A*\ 
i=i i=i 

For n = the inequahties are trivial Now, if these inequahties hold for n then us- 
ing (I12D and gSD: 

n 

\\9n+l{z)\\ < ||A;|i|| n[('^ + l)(l|5n+l|| + ||l-v4„+lA:+l||) + l] X 

i=i 

n n 

^\{W\\\{[^+3{m\ + \\l-A,A] 
3=1 i=i 

and 



|c„+i(^)|| < \\A-U\ n [{n + 1)(1 + ||S„+i||) + 1] 



n n 

xniiviin[i+^'(ii^^'ii+iii-^^-^.*i 

i=i i=i 

n+l 71+1 

<{n + 2)l[\\Aj'\\l[[l+j{\\B,\\ + \\l-A,A*\ 

j=l 3=1 

By Lemma I4l2l H^i ll^n^ll is absolutely convergent, so (^2) implies (14.131) and (I4.14p . 

(iii) Since \ \gn\ \ and 1 1 subharmonic functions, by the maximum principle we need 

to prove the estimate (14.151) for the circle \z\ = r. This follows immediately from (I4.16p . 
Note that this property does not really require {A3), just (Al) (the existence of the limit 
however will). 

Now to show the convergence of Qn, note that by (14. 8p . 
(4.17) 

\\9n+iiz) - grXz)\\ = \\A-l, [z^ (1 - - Cn{z) + [A-X^ - 1) g,Xz)\\ 



< 



sup IIAT^II [max(l,r)]'" (||5„|| + ||1 - A„A:||) + ||1 - A^^J 

. 3 



X 



X sup {\\Cn{z)\\ + \\gn{z) 
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Since we are in the type 1 situation, we can use the same reasoning as in (14. lip to get 
||1 — A^+ill < c||l — y4„+iA*_,_J|, and then (14.171) . together with the estimates in (i), 
(ii), and (iii), gives Yl'^=o Wdn+ii^) ~ 9niz)\\ < oo uniformly on compacts of E, D, Dr, 
respectively. This proves the existence and analyticity/continuity properties of ^^oo- D 

As a consequence we obtain Szego asymptotics of the orthonormal polynomials in the 
unit disk (compare with [17]). 

Theorem 4.4. Assume (Al) holds, i.e., [||^n|| + ||1 - ^n^nll] < ^> ".^d let J be 

of type 1. Then uniformly on compacts o/D the limit 

(4.18) lim (z + z-^) 

n— >-oo 

exists, and is equal to goo{z) . 

Proof. Note that by Lemma [2.181 H^i ll^n^ll absolutely convergent, so by Lemma 
\2AM i). we have 



(4.19) 



sup 

AcN 



p < OO. 



jeA 



Let K be any compact of D, and M = sup^gj^ ^gx I I + 1 Is'nl-z)! I- By the Geronimo- 

Case equations, 

\\cn-A-'g„_,-z^A;;'cn-i\\<M\\A-'\\\\Bj < Mp||Sj|. 
Repeating this, we get 

\\Cn " A^^^Qn-l — z'^ A^^A^^ign-2 ~ ^^^n 1 1 

(4.20) < Mp\\Bj + \z\'M\\A-^\\A-\\\\\B^^,\\ 

<Mp\\BJ + \z\^Mp\\B^^_^\\. 

Iterating it further, we get 



(4.21) 



where 



Cn~fn\\<MpY,\z\'^^''''^\\Bj\ 



fn — A^^Qn-i + z^ A^^ A^^ign-2 + . . . + 2^''" A^^ A^\ . . . A^ ^go + z"^^ A^^ A^^i . . . A^ ^co- 

By Lemma I2.18( ii) the right-hand side of (14.211) goes to zero. Finally, note that 
(4.22) 



oo 



JJ AkgooY 



^2n 



-fn 



k=n+l 



n-1 
j=0 



oo 



Y\ ^kgoo — A^ ^A^\ . . . Ajl^gj 



k=n+l 



n-1 
j=0 

TOO 



|2(n-l-j) 



oo 



fc=i 



k go 



Al... Ajgj 



By Lemma 14. 2[ the product Hfcli converges, and by Lemma I2.18( ii) the right-hand 
side of (I4.22P goes to zero. Easy to see that the convergence in (I4.2ip and (I4.22p is actually 



uniform. Thus we established lim 



ra— )-oo ^n 



1-2 



sgo 



□ 



Remark. Another way of showing this is to use the analogous arguments to [221 Lemma 
3.7.5] to show that Szego asymptotics (i.e., (I4.18P ) at ^ G D holds if and only if the Jost 
asymptotics does (i.e., (I4.28P ). so that Theorem 14.61 implies Theorem 14.41 
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Denote the limit function goo{z) of Lemma [4.31 as u{z] J') and call it the Jost function 
(in Theorem 14.61 below we will show that this indeed agrees with our earlier Definition 
I3.3p . Lemma 14.31 establishes the existence of the Jost function for the type 1 situation 
only. The next theorem says that the Jost function exists if and only if the Jacobi matrix 
is asymptotic to type 1. Note that by Lemma [2.9^ type 2 and type 3 are asymptotic to 
type 1 under the condition (Al). 

Theorem 4.5. Let J with Jacobi parameters (y4„)^^, {Bn)'^=i be of type 1 and satisfy 
(Al). Let J with Jacobi parameters {An)^=i, (-Bn)J^i be equivalent to J , i.e, 

(4.23) K = <^nCT„+l, 

(4.24) Br, = a^BnCr^ 

for some unitary 1 = cri,cr2,0"3, . . . Then the Jost function for J exists if and only if 
lim„_j,oo o"n exists, in which case 

(4.25) u{z; J) = lim < u{z; J)ai. 

Proof. We prove inductively that gn = (^n+i9nO'i and Cn = cr*_^^c„(Ti. For n = this is 
trivial, and assuming this holds for n, we prove it for n + 1: 

gn+l{z) = gn{z) + (^Z^ (^1 - - zB„+i^ Cn{z) 

+ [z^ (1 - <+iA„+iA;_^i(t„+i) - 2;<+i5„+i(T„+i) <+iC„(2;)] di 

= <+2^n+l [(^^ (1 - ^n+l^*+l) - zBn+l) Cn{z) + g^^z)] di = <+2£/n+l (2)^^! , 

and similarly for 'Cn+i = cr*^2Cn+iO'i- The limit lim„^oo 5'n(-2) exists by Lemma l473l so 
lim„_j.oofi'n(-2) exists if and only if exists the limit lim„_j.oo in which case u{z\J) = 
lim„^oo<M(^; J')o-i- □ 

Assume JT" is a Jacobi matrix asymptotic to type 1, and let its Jacobi parameters 
satisfy (Al), {A2), or {A3). Then so do the parameters of J'^'^^ for all k, and thus 
u{z; J'^'^^) exists in E, ©, D/^, respectively (which will be called "the appropriate region" 
in what follows). We define the Jost solution (in Theorem 14.61 below we will show it is 
indeed the Jost solution we defined earlier in Definition 13. 2p by 

(4.26) Un{z;J) = z^u{z;j'^''^)A-\ 

Observe that by (the arguments of) Theorem l4.5[ the Jost solutions of equivalent Jacobi 
matrices are related via 

Uk{z;J) = lim a^Ukiz; J)(Jk. 

Recall that ra{z) = J ■^dfx{x) and M{z) = —m{z + z~^; J). For each discrete eigen- 
value Ej of J outside [—2,2], let Zj G D be such that Zj + zf^ = Ej, and denote 
Wj = - \im^^^^{z - Zj)M{z), Wj = fi{Ej) = - \imE^E,{E - Ej)m{E) = {z~^ - Zj)z~^Wj 
{wj,Wj > 0). 

Recall that g^{z) = g{z-^)*. 

Theorem 4.6. Assume J' is a Jacobi matrix asymptotic to type 1, and let its Jacobi 
parameters satisfy (Al), {A2), or {A3). 

(i) Un{z; J') in the appropriate region (E, D, 3r, resp.) satisfies 

(4.27) Un+i{z- J)Al + Un{z- J){B.^ - (z + z'^)!) + Un-i{z; J)A^_^ = 0, n = 1, 2, . . . . 
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(ii) In the appropriate region, 

(4.28) lim z-^'uniz] J) = 1. 

n— >-oo 

(iii) For z eB, 

(4.29) u{z; J^W) = z-\{z; J)M{z; J)A,. 

(iv) The only zeros of u{z; J') in D are at real points Zj with zj + zj^ = Ej a discrete 
eigenvalue of J'. Each pole of u{z]J)~^ in D is of order 1, and the order of Zj 
as a zero of detu{z;J') equals to the multiplicity of Ej as an eigenvalue of J . 
Moreover, 

(4.30) ker u(zj; J) = Ra.n Wj = Raiawj. 

(v) The only poles of u{z; J^~^ in are possible ones at ±1, in which case they are 
of order 1 . 

(vi) M{z; J') has a continuation from D to D \ {±1}, which is everywhere finite and 
invertible on \ {±1}, and 

(4.31) Im M{e'^) = sin 6 [u{e'^] jyu{e'^] J)] . 

(vii) The following recurrence holds: 

u{z; J^^'^) = z-\{z- J^^^)A-{\{z + z-^)l - fii)Ar'A2 - z-\{z- J)A\-^A^. 

Now assume (A3) holds. 

(viii) M can he extended meromorphically to {z \ \z\ < R}, and 

(4.32) M{z)=M\z) + {z-z-^)[u\z;J)u{z;J)]~\ R-^ < \z\ < R. 
(ix) For each zj with R^^ < \zj\ < 1, 

(4.33) Wju{l/zj; J)* = -{z^ - z^^) Resu{z; J)-\ 

Z=Zj 

in particular, 

(4.34) kei u{l/zj;jy C ker Res u{z] J)'^ = Ranuizf J). 

Z = Zj 

Remarks. 1. Part (vi) shows that if (^41) holds then there is no point spectrum of J7 in 
[—2, 2]. Note also that if {A3) holds, then by (iv) J' has finitely many eigenvalues outside 
[—2, 2]. Indeed, u is analytic in D/j by Lemma [4. 3[ and zeros of u cannot accumulate near 
±1. 

2. Part (vii) shows that if u{z] J) and u{z] JT''-"'^^) are analytic, then so is u{z; JT"*-"-*) for 
any n. This is why the inductive argument for the inverse direction works. 

Proof, (i) Note that since u{z; J'l) = gi{z]J) — )■ u{x]J'), it suffices to show f l4.27p for 
J = Ji. 

Let Vn{z; J'l) be the "old" definition of Jost solution, i.e., the solution of (I4.27P for 
J = Ji such that Vn{z;Ji) = for large n. Note that by f l4.6p vo{z; J'l) = gi{z]Ji) = 
limk^oD gk{z; Ji) = Uo{z; Ji), where the middle equality comes from (14. 8p . 

Since J^^^ shifts indices by A;, and 2;" = z~''(z"'~^^), we have for all n > 1 and k > 1, 



Vn Z 



Jl 



(k) 
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For n = 0, the difference equation fl4.27p tlien gives 



^^0 z; 



and so 



Vk [ z; Ji] = z vo { z 



Ji 



Ji 



(k) 



z-^Vk [z-Ji]A 



A^^ = z''uo I z; 



(ii) It follows from fliTTj) that 



\u(z; J 



(n)^ 



(4.35) 



i=o 
< sup \ \A 

k 



z;J 



k^W sup 

keN,z<^K 



Jl 



(fc) 



AZ" = Uk (z; Jl) . 



+ \ \9k{z]J 



(n)^ 



X 



J2 [[max(l,r)]^" + ||1 - A,A*\\) + ||1 - Ajl, 



j=n+l 

Now, assuming JT" is of type 1, we can bound ||1 — A~^\\ < c||l — A^A*!!, and then 
Lemma 14.31 gives the convergence of the right hand side of fl4.35p . 
If JT" is of type asymptotic to 1, then by Theorem 14.51 we get 

lim z~^Uk{z] J) = lim lim z~^Uk{z; J')ak = lim cr* lim ak = 1. 

(iii) By [4, Thm 2.16(iii)], we get Ui{z; J) = -uo{z; J)m{z + z'^] J), hence 

u{z] J^^^) = z-\i{z; J)Ai = z~\{z; J)M{z- J)Ai. 

(iv) Observe that if M{z; JT") is regular at z, then u{z; J) is invertible at z. Oth- 
erwise we can pick an eigenvector / with f*u{z;J) = and see that f*ui{z]J) = 
f*u{z;J)M{z;J) = 0, and then f*Un{z; J) = for all n from KTl} . This would 
contradict (ii). 

Thus the only possible zeros are at Zj's with Zj + z~^ = Ej being an eigenvalue of JT". 
Let Qk be the multiplicity of Ej as an eigenvalue of J'^''\ By Lemma 12. 3^ a{J'^^^) C 
[-2 - e, 2 + e] for sufficiently big N, so g„ = for all n>N. Since qn = 0, M{z; J^^^) is 
regular at Zj^ and then the arguments above show that u{z-^ J^^^) is invertible at zj. Now 
let us prove the statement about zeros of the determinant inductively assuming we know 
itfoT N,N-l,...,n + l. By m Thm 2.28], det M{z; J^""^) has zero of order q^+i - Qn at 
z = Zj, and then flCT]) gives det u{z; J^""^) = 2" det u{z; J^("+i)) det M{z; J^""^)-^ det A'l^ 
has zero of order — (g„+i — g„) = g„ at 2; = Zj. Thus det u{z] J) has zero of order go 
at z = Zj . 

Hence dimker ^(^j; JT") < go- However, 

= lim {z - Zj)u{z; J^^^) = zT\{zj; J) lim {z - Zj)M{z; J)Ai = zT\{zj; J)wjAi, 

which implies Ranwj C keiu^Zj; J). Then go = dimRantyj < dimker M(2;j; JT") < go, 
which means Ranwj = \.eiu{zj\ J\ Ranwj = Ranwj is obvious. 

Since dim ker u{zj\ J) = go and det u{z; JT") has zero of order go at z = Zj, by Lemma l2.15l 
the order of the pole of u{z; JT")"^ at 2; = Zj cannot be bigger than 1. 

(v) If 2; G d3, then Un{z; J) and Un{z'^]J') solve the same Jacobi equation, and so 
the Wronskian Wn{u.{z; J');u.{z^^; J)*) is constant. By (ii), the Wronskian at infinity 
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is limn^ao Un{z)AnUn+i{z)* — u„ (z) * = {z~^ — z)l, wMle evaluating it at zero 

gives 

uo{z)ui{zy - ui{z)uo{zy = {z~^ - z)l, 

or 



(4.36) 



Im [ui{e'^)uo{e'y] = smOl. 



This implies that for 6' 7^ 0, uo{e^^; J') is invertible. 

To prove that the poles at ±1 are at most of order 1, just note that using fl4.3ip (which 
is proven in (vi)), the absolutely continuous part of /i is 



/(2cos0) = TT-i |lmM(e^^)| = |sin0| [u{e'^yu{e" 



and then in order for 

f{x)dx = 2 I sin ^/(2 cos 



2 

2 JO ^ JO 

-1 



sin^^ [u{e''yu{e'')] ^ dO 



to be finite, we must have that the pole of u{z) at ±1 is at most of order 1. 
(vi) By ni(z; J) = u{z- J)M{z- J), for d^Q, 



u{e''yu{e''y ' 



(4.37) ImM(e'^) = luiu{e''^Y\i{e'^) = Im [u{e'Y\i{e" 

= u{e'')-Hm [ui{e'')u{e''y] ^(e'^)*"' = sin^ [M(e'^)*M(e*^)] 

by (iSSl). 



(vii) This part follows immediately from fl4.26p and (i). One can also obtain this using 
(iii) and only. 



(viii) By (iii), M is meromorphic in the region where m's are analytic. Note that f l4.32p 
at z = e'^ is (lOTj) . Thus if we define M{z) = M^{z) + {z - z-^) [u^{z; J)u{z; J)]"^ for 
1 < \z\ < R, then M{z) = M{z) on 5D, and f l4.32p follows by analytic continuation. 

(ix) Note that JT"*-^-* also satisfies (^43), and so u{z;J'^^^) is analytic in D/j. Combining 
( Km and ( 14:321) we obtain 

u{z; J^^^) = z-\{z; J) \m\z) + (2 - z^^) [u\z; J)u{z; J)] ^'1 Ai, R-^ < \z\ < R. 

Analyticity of u{z; JT"*-^-*) at zj^ means that the residues must cancel out: 

0= lim {z- z-^)u{z;J)M\z)+ lim {z - zT^){z - z'^) [u^{z; J)]~^ 

z^z^ 1 z^z^ 1 

= u{z-^; J) lim {z-^ - z-^)M{zy + {zf - zj) lim (^"^ - z;^) [u{z; jy]'^ 



{zj^; J)w* + -{zj - zj^)[\im {z - Zj)u{z; J)'^]* 



which gives f l4.33p . 

The rightmost equality of fl4.34p comes from Lemma 12.151 The containment part of 
f l4.34p follows immediately from f l4.33p . □ 



We also see 
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Lemma 4.7. Assume J' is a Jacobi matrix asymptotic to type 1, and let its Jacobi pa- 
rameters satisfy (Al), {A2), or {A3). Then uniformly on the compacts of the appropriate 
region, 

M^z-J^""^) Iz, 

where m*-"^ and M*^"^ are the Jost function and the M -function, respectively, for the n 
times stripped operator J^^^ . 

Proof. Note that M(")(;z) = j("+i))A;:|i = A-^Un{z] JY^Un+i{z] J). 

But A„ — )■ 1 and z~^Un{z) — ?■ 1 uniformly on compacts of the appropriate region by 
f OS]) . This and fICTD give the result. □ 

To end this section, we get the following result for free as a corollary from Theorems 
14. 4[ and pLTj. The scalar analogue is proven in Killip-Simon [15^ Thm 9.14]. 



Theorem 4.8. Let J be of type asymptotic to type 1 and satisfies (Al). Then u{z]J) 
has the following factorization: 

u{z- J) = UB{z)0{z), 

where U is a constant unitary matrix, B{z) is a matrix-valued Blaschke-Potapov product 
with zeros at {zj}, and 0{z) is a matrix-valued outer function, uniquely defined from the 
conditions 

0{e'^yO{e'^) =sme [im M{e'^)y\ 
(4.38) O{0) = 0(0)* > 0, 



log|detO(e'^)| = riog|detO(e*'')| — . 

J^n 27r 



In particular, u has trivial singular inner part. 

Remarks. 1. That the outer factor O can be uniquely defined from the conditions fl4.38p . 
as long as (14.391) holds, is Lemma 12.161 

2. O has an integral representation in terms of Potapov multiplicative integral, see [I^ 
for the details. 

Proof. By Theorem 14.41 ^(z: J) = {I — z'^)L{z), where L{z) = hm„_^oo z^Pn{z + z^^). By 
the results from [17j, L{z) is an iJ^(D) function with no singular inner part. Since \ — z^ 
is a bounded outer function, u is an if^(D) function with no singular inner part as well. 

By f lOT]) . u[e^^]JYu[e^^;J) = sinO (lmM(e*^))"\ and so fOgjl has to hold. Note 
that 

logdet rsin^(ImM(e^^))-M — > -oo 

is equivalent to 

J {4-x^)-^/Hogdetf{x)d. 



(4.40) 



de 



which is indeed finite given {Al) (see [3l Section 14]). □ 
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5. The Inverse Problem 

Now we start with an analytic function u and seek to construct such a measure that u 
is its Jost function. We do this in Subsection 15.11 In the proof of Theorem 13.41 however, 
we appeal to the results later in the section. Note that this theorem is never used in 
Subsections 15.21 and 15.31 (i.e.. we are never assuming that u is actually the Jost function 
for fi). In Subsections l5.2l and l5.3l we derive the exponential decay of the Jacobi parameters 
of /i, proving Theorems 13.61 and 13.71 Subsection 15.41 is just a restatement of the results in 
terms of the so-called perturbation determinants. 

Throughout this section let u be an analytic function in D/j for some R > 1 satisfying 
the conditions of Theorem [331 Note that by fl2:T0|) - fl2:TT]) and fOTD the absolutely 
continuous part f{x) of fi is forced to be /(2cos6') = 7i^^ \sm6\ [u{e^^)*u{e'^^)'\ ^, and 
its singular part to be pure point with some weights Wj at Ej = zj + z~^, where zj are 
zeros of u in D. By Theorem I4.6( iv). wj must satisfy the condition (ii) of Theorem 13.41 
Assuming also (i), this /i is a probability measure. Its M-function satisfies (I2.10p . so 

(5.1) ImM(e^^) = sin^ [u{e'yu{e'^)]~^ 

holds. Just as in the proof of Theorem I4.6( viii). we can extend M meromorphically to 
and see that 

M{z) = M^{z) + {z- z-^) [J{z)u{z)] , R-^ < \z\ < R. 

Let J' with Jacobi parameters {An)'i^^i, {Bn)'^=i be the type 1 Jacobi matrix for dfi. 
Define inductively 

(5.2) m("+i)(2) 

(5.3) /1„+iM("+i)(z)A:+i 

Then M^'^) is the M-function for and, by an easy induction, 

(5.4) M(")(^) = M(")»(2) + {z- z-^) [m(")«(z)m(")(z)] , R-^ < \z\ < R, 
holds. 

5.1. Proof of Theorem 13.41 For reader's convenience let us restate the theorem. 

Theorem 5.1. Let u he an analytic function in a disk D/j for some R > 1, whose only 
zeros in D lie in (DnR)\{0} with those zeros all simple. For each zero Zj in (Dn]R)\{0}, 
let a nonzero matrix-valued weight Wj > be given so that 

(i) E.^. + fTsin^^ [u{e^rn{e^')rde = l, 

(ii) Kanwj = keru(zj) for all j . 

Then there exists a unique measure dfi for which wj are the weights and u is its Jost 
function for some choice of Jacobi matrix from the equivalence class corresponding to dfi. 
Any such matrix is of type asymptotic to 1 . 

Remark. It is clear that any two matrices having u as its Jost function are asymptotic to 
each other, and moreover, related by J = UJU'^, where U is an Z X / block diagonal 
unitary U = fXi © (72 © Us © . . ., where (T„ are unitary with cxi = 1 and lim„_5.oo c"n = 1 
(which is a stronger condition than just being asymptotic). 



= z-\^'''\z)M^''\z)An+u 

= (z + ^^l-B^^,-M^^\z) 
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Proof. The results of this section show that and ||1 — decay exponentially 

(with the rate r~^", where r could be only slightly larger than 1). Thus the Jost function 
u exists and is analytic in D^.. Consider 

(5.5) g{z) = u{z)u{z)^'^ . 

We want to prove g is analytic and nonvanishing. Since has a first order pole at Zj, 
uu~^ is analytic at Zj if and only if 

(5.6) M(z.)ResM(z)-^ = 0, 

Z = Zj 

which is equivalent to the condition Ran Res2=2 u{z)~^ C ker 'u(zj). However by Lemma 
12.151 Ran 'ReSz=ZjU{z)~^ = keru^Zj), which equals to Ranwj by the condition (ii). By 
Theorem I4.6( iv). Kamuj = kei u{zj), and (15. 6p follows. 

g{z) is analytic at ±1 by the following arguments. By (14.311) and (15. ip . 

m(±1)*m(±1) = u(±l)*n(±l). 

This implies kerM(±l) = kerM(±l) (since kerT = ker T*T), and then identical arguments 
as for Zj^s show that g{z) is analytic at ±1. 

Thus we have proved g is analytic on a neighborhood of ©, and switching the roles of 
u and u, we obtain that g is also non-vanishing there. 

Now, 

g{zyg{z) = [u{z)-'Yuizyuiz)u{z)-' = sinO [u{z)-^]*[lm M{e'^)]-\{z)-' 

= [u{z)-^]*u{zyu{z)u{z)-^ = 1. 

So g{z)*g{z) is analytic and invertible on D and unitary on 9D, which implies (e.g., 
by the Schwarz refiection) that g{z) = vq for some constant unitary vq. Thus, u{z) = 
Vqu{z). Then Theorem 14.51 implies that u is the Jost function for the Jacobi matrix with 
parameters {AiVq, VqA2Vo, VqAsVq, ...), {Bi, VqB2Vo, VqB^vq, ...). □ 

5.2. Proof of Theorems 13.61 and 13.71 for the case of no bound states. In this 
subsection we prove Theorems 13.61 and 13 . 71 for the case when fi has no bound states. Thus 
these theorems take the following form. 

Theorem 5.2. Let u{z) be a polynomial obeying 

(i) u{z) is nondegenerate on D \ {±1}; 

(ii) if ±1 are zeros, they are simple; 

(iii) f/o'sin^^ [u{e'%*u{e'')y^de = l. 

Then u is the Jost function of a Jabobi matrix with 

(5.7) 1 - AnA*^ = Bn = for all large n. 

Theorem 5.3. Let u{z) be analytic in D/j for some R > 1 and obeys (i)-(iii) from 
Theorem \5.B. then u is the Jost function of a Jacobi matrix with 

(5.8) limsup (||5„|| + 111 - A„A:| 1)^/2" < R'\ 

n—¥oo 

Remark. We denoted (An)^^]^, {Bn)'^=i to be the type 1 Jacobi coefficients for dfi. u will 
be the Jost function for a different Jacobi matrix (asymptotic to it). However (15. 7p and 
(15. 8 p are invariant within the class of equivalent Jacobi matrices. 

Note that and (jEl define m^") and M^"), which are in general meromorphic 

functions in D^j. We will show below that m^"-' are actually analytic. Let us first prove 
the following lemma. 
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Lemma 5.4. Let u^'^^ and M^^^ be given by ([52D and Then has no zeros on 

d3 except possibly at {±1}, in which case they are simple. 

Proof. Since (15 ■4p holds, we obtain 

/(")(2cos0) = TT^^ |lmM(")(e'^)| = 7r-^|sin^ | [u^''\e'^yu^''\e"^)]~\ 

where Z^"-* is the density of the spectral measure /i^"-* of JT"^"-*. Since J^^ \ sm9\f^"\2 cos 9)d9 < 
/x(")(M) < 1, we get the result. □ 

Now we can obtain analyticity of m*-"-* for n > 1. 

Theorem 5.5. Ifu is analytic in and nonvanishing on D\ {±1} with at most simple 
zeros at ±1, then the same is true of each u^^\ 

Proof. We use induction on n. The inductive hypothesis will be to assume 

(a) m'^") is analytic in D/j, 

(b) is invertible on 1\ {±1}, 

(c) u*^"^ has at most simple zeros at ±1, 

(d) M(") has no poles in D \ {±1}, 

(e) M^^^ has at most simple poles at ±1, 

(f) (M("))-^ has no poles in D \ {±1}, 

(g) (M^"'~^^)~^ has at most simple poles at ±1. 

Let us check the base case n = 0. (a)-(c) are given. That M has no poles in D follows 
from the fact that fi has no eigenvalues outside [—2, 2], and no poles of M on (9D \ {±1} 
corresponds to the absence of the point spectrum in (—2,2). Also, no point spectrum at 
±2 implies lime^o^iTi(=t2 + ie) = which translates to limz^±i{z =p l)^M(z) = 0. Thus 
we established (d) and (e). 

Observe that M cannot have zeros on (—1,0) U (0, 1) since this would correspond to 
JI2 ''^x-z being singular at some real z with \z\ > 2. On {2; G D | Im^; > 0} we have 
Im M{z) > 0, so M is invertible. Same for {z G © | Imz < 0}. Finally, M is also 
invertible on \ {±1} since ImM is invertible there by (15. ip . Thus has no poles 
inD\{±l}, i.e., (f) holds. 

(g) is vacuous for n = 0. 

Now assume that (a)-(g) hold for n, and let us show they hold for n + 1 as well. By (d) 
]\^(") ig meromorphic on D/j with poles possible only in | 1 < \z\ < R} U {±1}. Using 

(5.9) M(")(2) = M(")«(;z) + (z-^-i) [n(")«(2)M(")(z)]"\ R-^ < \z\ < R, 
we see the following: 

(i) M*^"^ has a pole at Zk, 1 < \zk\ < R, only if u^'^\zk) is not invertible, since u^'^^'^{zk) 
is invertible by (b) and M^^^'^{zk) is regular by (d). Then ( 15. 2p and ( 15. 9p imply 

u^-^'\z,) = z;'u^-\z,)M(-^\z,)A^^^ + (1 - zj:')[u^-^\z,)]-' A^+, 

is regular. 

(ii) Assume M*^") has a pole at ±L By (c) and (e), u^"^ and M^") have at most order 
1 poles at ±1, so let 

(5.10) ResM(")(2) = T, 

2=1 

(5.11) Resu^"^^)-^ = C. 



2=1 
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From the definition of M^"'\ tlie matrix T must be Hermitian. Easy to see, 

ResM(")»(^) = -T* = -T, 

z=l 

Resu(")«(z)-i = -C*, 

z=l 

and tlien computing residues of botli sides of (15.91) gives 

(5.12) 2T = -2CC*. 
Now, by fra . 

ResM("+^)(z) = lim(z - 1)m("+^)(z) = u(")(l)TA„+i = -u^''\l)CC*An+i = 0, 

Z=l Z— J-1 

since RanC = kerM^"''(l) (by Lemma [2.15p . Hence m*^""^^-* is regular at z = ±1. 
This proves part (a) of the inductive step. 

y(n+l) jg 

invertible on D \ {±1} since u^""^ is invertible and (M*^"-') ^ has no poles (by 
(b) and (f)). This establishes (b). 

(c) is obtained in Lemma 15.41 

(d) for n + l follows from (15. 3 p and (f) for n. 

(f ) for n + 1 follows by the exact same arguments as for n = before. 

(g) follows from M^'^^zy^ = z~'^ An+iU^'^^'^\z)~''^u^'"'> (z) and Lemma (EH 

Finally, (e) follows from (15. 3p since we just established that M^'^\z)~^ has at most 
simple poles at ±1. □ 

Note that ess supp fi = [—2, 2] with det f{x) > on (—2,2), and so Denisov-Rakhmanov 
theorem (Lemma 12. 2p implies that is in the Nevai class. By Theorem 12.71 we obtain 
An — )■ 1, Bn — )■ 0. This means that JT^"^ converges in norm to the free block Jacobi 
matrix, which implies that resolvents converge: 

(5.13) M(") (z) — )■ zl uniformly on compacts of D. 
Now combine (15. 2 p and (15. 4p to get 

(5.14) u^-+'\z) = (1 - ^-^)(«(")«(z))-M„+i + z-\^'^\z)Nl{z)An+u 
where N^iz) = M^'^\z)/z, Nl{z) = zM^{z). 



Let us fix any _Ri with 1 < Ri < R. Given any L^(l|^) function on RidD, define 



where P+ is the projection in L^(l|^) onto {e*"^}^]^, and || ■ || is the Hilbert-Schmidt 
norm till the end of this section. In particular, if / is analytic in D/j, 

1/2 



Ri 



(/:ii/(«..v/(o,ir|) 



Now note that since («(")«)"! is analytic in (CU{oo})\D, P+((1-^-2)(m('^)«(2))-M„+i) = 
0. For the same reasons, P+{z-^u^''\0)Nl{z)An+i) = 0. Thus 

P4«("+i)) = P+ {z''{u^-\z) - u^-\0))Nl{z)) 

Since P+ is a projection on L^, using submultiplicativity of the Hilbert-Schmidt norm 
we get 

<i?r'llk^"^ll|i?lPn+l|| sup \\Nl{z)\\, 

\z\=Ri 
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which by induction gives 



(5.15) 



\u 



nii^iii sup iiiv«(^)ii 



\z\=Ri 



Now since \\Aj\\ ^ 1 and sup|,|^^^ 11^^(^)11 < sup|^|<^-i \\M'^^\z)/z\\ ^ 1 by (lET^ . 
we get that for any e > there exists a constant such that 



b=i 
and so 

(5.16) 

for some new constant (7=-. 



JJ||v4j+i|| sup \\Nj{z) 



\u 



("+l)l 



\Ri 



<Ce{Ri-e) 



-2n 



Proof of Theorem \5.2[ Since m is a polynomial, then taking n and -Ri sufficiently large 
in fl5.15p . one can see that 1 1 lit*-"^] | |_Ri = 0, which implies u^"'\z) = u^^\0). Then by the 
condition (iii) of the theorem, m(")(2) = 1, and so /(")(2 cos 6*) = 71 -"^1 sin 6* I is free, that 
is, 1 — AnAl = B„ = for all large n. □ 



Remark. One can be more careful and relate the degree of u to the maximal n where 
1 — AnA*^ = Bn = is violated, just as in Theorem 14. 1[ 

Proof of Theorem \5.3[ Define s„(z) = u^'^\z)u^'^\0)^^ — 1. Note that by Szego asymp- 
totics (Theorem pTl Thm 1]), the limit z^pn{z + z~^) exists. In particular at 2; = 
this gives that there exists lim„_j.oo ^1 • • • = K, with K invertible. Then ^^"^(O) = 
u{0)Ai . . . An ^ u{0)K is bounded in norm from above and below away from 0. Then 



|s„|||/?i < \\\u 



(n)| 



,J|«(")(0)-i|| <Ce(i?i-£)- 



'2n 



for some new constant C^. Using Cauchy formula, one easily obtains from this 
(5.17) \\sniz)\\ < CeiRi - £)-'" uniformly in Bn,-2e- 

Now note that by 

^ = u^^\zr'u^'^+'\z)A-l, = «(")(0)-i(l + Sniz))-\1 + .„+i(z))«(")(0). 



and so 



sup 

\z\<l/2 



< sup 

\z\<l/2 



|m(")(0)-1(1 + s„(2))-1m(")(0)-1|| 

+ sup \\u^^\0)-\l + Sn{z)r'Sn+liz)u^''\0)\\. 
\z\<l/2 

The second term can be made exponentially small simply by using f l5.17p . while the first 



IS 



m(")(o)-^(i + s„(^))-V"^(o) 



")(o)-^5^s„(z)V")(o)-i 



i=o 

00 



u 



■'^no)-'V^5„(z)%(")(o) 
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sup 

\z\<l/2 



<Ce{Ri-sy 



2n 



which is also uniformly exponentially small. Thus 

z 

Using this, fl4.2p . and the Cauchy formula, we obtain 

\\Bn\\ + \\l-AnA*J\<Ce{Ri-ey^": 

Since Ri < R and e > were arbitrary, we obtain (15. 8p . □ 

Note that instead of 1/2 we could have taken any constant smaller than Ri — e here. 
Therefore we have shown that M^'^\z) — )■ zl uniformly on compacts of D/j. 

5.3. Proof of Theorems 13.61 and 13.71 for the general case. Recall Definition 13.51 of 
canonical weight: Wj is canonical if 

(5.18) Wju{l/zj)* = —{zj — z'-^) lim (2; — Zj)u{z)~^, 

where as before Wj = {z~^ — Zj)zJ^Wj. As clear from the calculation in Theorem I4.6( ix). 
the weight is canonical if and only if u^^\z) is regular at zj^ . 

Lemma 5.6. Assume u{z) and u'^^^z) are analytic in D/j. Then for any n > 2, u'^"'\z) 
is analytic in D^. 

Proof. Note that part (vii) of Theorem 14.61 can be proved using only (I4.29P and (14. ip . 
Therefore (15. 2 p and (15. 3p allow us to conclude that 

n("+2)(z) = Z-\^^+'\z)A-l, {{Z + Z-')l - A:+r'^n+2 - Z-\^-\z)A:^,-'Ar.^2, 

which proves our statement (easy to see that 2; = in fact is not causing any troubles 
here) . □ 

Remark. What this lemma says is that if all the weights of u are canonical, then they are 
automatically canonical for every u^'^\ 

For the inductive step in this case we will need the following result. 

Lemma 5.7. If u and M satisfy 

(a) kerM(0 = Ran ReSz=i M{z) for all ^ e D; 

(b) all poles of m D fl R are simple, 
then the same is true for all m*-"-* and M^"'\ 

Proof. Assume both conditions hold for m^") and M^"\ 

Take any ^ G D. Note that in the Smith-McMillan form (Lemma 12. 14p of m'-"^ at 2; = ^ 
each power kj of {z — ^)'^^ must be or 1 by (b). Thus 

(^-01. 



u^-Hz) = E(z)i '^-^^^^^ ^^"^ ]F(z] 



where Ij is the jxj identity matrix. Now since M^"'~^^^ can have only first order poles in D, 
it means that M(") can have only first order zeros/poles in ©. Then the Smith-McMillan 
form of (M^'^))-! at ^ is 

/{z-Oh \ 
M(")(z)-^ = G'(z) \ H{z). 

Observe that E{z), F{z), G{z), H{z) are analytic and invertible in a neighborhood of ^. 
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Now note that 

kerM(")(0 = F(0-'span{5i,...,5,}, 

and 

Ran ResM(")(z) = if(0"^span{(5i, . . .,Sp}. 

Then the condition (a) imphes that s = p, and that span{5i, . . . , 5p} is an invariant 
subspace of the matrix V = Thus 



V 



Vn Vi2 
V22 



where Vn is an (invertible) p x p matrix, V22 is an (invertible) {I — p) x (/ — p) matrix, 
and V12 is an s X (/ — p) matrix. 

By (a) u^"'~^^\z) is analytic at ^. Now consider u^^^^\z)^^ at z = ^. We want to show 
the following limit is finite: 

(5.19) lim{z - ^)u'^''+^\z)-^ = A-}^ \im{z - ^)M^''\zy\'^"\z)-^ 

I (z-Olp \ / \ 

= A-l,GmMz-0\ 1. y 1, \E{i)-\ 

V ; V h-r>-J 

But 

{z-i)l, \(Vn Vi2Wi3|lp \^(Vr^ {z-i)Vr2 
) \ Q V22 )\ ) \ Q V22 

which means that the right-hand side of (15.191) is equal to 

/ipO \ /lpO 

(5.20) A-X,G{i)\im{z - i) \ 1, V 1, 1^(0"' 

'""^ \ p , / \ p , 

/ Op 

= A-l,G{0\ 0, \VE{i)-\ 
V lj_p_g 

where V = (^^^ y ^ . This establishes (b) for for ^ G D n R. The fact that ±1 

is at most first order pole of («("+!))-! is already proved in Lemma 15.41 

To show that (a) holds for note that by Lemma 12.151 (which applies since we 

already know that {u''^^^^)~^ has at most simple pole), 

keru("+^)(0 = kerM(")(OM(")(OA„+i = Ran ResA~l^ {M^''\z)'^u^''\z)-^) , 

^ — ^ 

and by (15. 3p . 

Ran ResM("+i)(^) = Ran Res A;l^M^'^\z)-\ 

z=(, z=( 

By the calculations (I5.19p -( l5.20p above, it is easy to see that both of these spaces are 
equal to 

/ Op 

RanA-l,G{0 0, 

V i/_p_, 

□ 

This gives us the analogue of Theorem 15.51 
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Lemma 5.8. If u is analytic in 'Dr, satisfies (a)-(h) of Lemma 5.1, and all the weights 
with 1 > \zj\ > R^^ are canonical, then the same is true of each vJ^. 

Proof. The arguments of Theorem I5.5[ together with the resuh of Lemma 15. 7[ give the 
result. Note that condition (a) ensures analyticity of m*-^-* at zj, and canonic weights ensure 
analyticity of m*-^-* at zj'^. The weights for ■u'-"'' for n > 1 are canonical by Lemma [5.61 □ 

Proof of Theorem \3.6[ If some of the weights are not canonical then u^^^ is not entire, and 
so 1 — AnA*^ = Bn = cannot hold for all large n. 

Now assume all the weights are canonical. Then all ^'^"'^'s are entire by Lemma I5l8l For 
r sufficiently large, fl5.14p implies 

sup < 0(1) ( l + sup \\u^''\z) 

|2:|<r \ l^lf;'" 

which inductively shows that if m is a polynomial then u*^"-* is a polynomial with 

degM^"-* < max{0, degw — 2n}. 

Then u^^^ is a constant for some large N. By Lemma 15.71 M^^^ has no poles, and so 
(15. 4p implies that u^^^ satisfies the condition (iii) of Theorem 15.21 (as well as conditions 
(i) and (ii), of course). This implies 1 — A^A*^ = Bn = for all large n. □ 



Proof of Theorem 3. 7\ If some of the weights with 1 > > i? ^ are not canonical then 

M*^^) is not analytic at {z~^}, and so limsup„_^oj3 (ll-^nll + ||1 — ^n^n 11)^^^" — cannot 
hold. 

Assume now that all the weights with 1 > \zj\ > are canonical. Then all m*^")'s are 
entire by Lemma [5. 8[ 

Now let us fix Ri and R2 with 1 < R2 < Ri < R. By Lemma 12.31 there exists 
such that zeros of w*-"^ in D all lie in {2; G C : i?^^ < \z\ < 1} for every n > N. This 
means that (u^^'''^)~^ and A| are analytic in (CU {00}) \D/{2, where Nn is defined in (15. 5p . 
Now the arguments after (15.50 work without changes and prove that (15.160 holds. This 
estimate was the only ingredient that was used in the proof of Theorem 15. 3[ This proves 
Theorem 13.71 for the general case. □ 

5.4. Results in terms of the perturbation determinant. Assuming the Jost function 
exists, define the perturbation determinant by 

L{z) = u{z)u{0)-\ 

Clearly, L(0) = 1. Note that by Km and m(")(0) ^ 1 (dSHD) we have 



<0) =n An'- 



n=l 

We can reformulate Theorems 15.21 and 15.31 as follows. 

Theorem 5.9. Let L{z) be a polynomial obeying 

(i) L{z) is nondegenerate on D \ {±1}; 

(ii) if ±1 are zeros, they are simple; 

(iii) L(0) = 1. 

Then L is the perturbation determinant for some Jacobi matrix (asymptotic to type 1), 
and each such matrix obeys 1 — AnA*^ = Bn = for all large n. 
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Theorem 5.10. Let L{z) be analytic in {z \ \z\ < R} for some R > 1 and obeys (i)- 
(Hi) from Theorem I5.g|, then L is the perturbation determinant for some Jacobi matrix 
( asymptotic to type 1 ), and each such matrix has 

limsup + 111 - A„A:||)^/'" < R-\ 

Remarks. 1. It is clear from the proof that the corresponding measure in the above two 
theorems (as well as in the two theorems below) is not uniquely defined, but all possible 
dj^s are related by d'ji = v*d'j2V for constant unitaries v. 

2. In other words, every two Jacobi matrices having the same perturbation determinant 
are related hj J' = UJU^^, where [/ is an /x/ block diagonal unitary U = (Ti©cr2©o"3©- • 
where cr^ are unitary with lim„^ooO"n = 1, and di is allowed to be different from 1. 

Proofs. Pick any unitary a and let u{z) = L{z)\/Ha, where 

H = - r sin^ e [L{e''yL{e'')] dO > 0. 
^ Jo 

Then 

- Tsin^^ [u{e'yu{e'')]~^ de = 1, 
^ Jo 

and so Theorems I5.2[ 15.31 apply. □ 



Now assume there are bound states. 

Lemma [2.191 implies that if ker f{l/zj)* C keTlieSz=Zj f{z)~^, then there exists a unique 
matrix wj solving 

(5.21) w,fil/-z,r = -(z,-zj')Resfizr\ 

Z=ZJ 

(5.22) Ran = Ran Res f{zy^ 

Z = Zj 

(compare it with f l4.34p and f l4.30p ). Observe that if the zeros / at z/s are simple then by 
Lemma [2.151 Ran ReSz=zj f{z)~^ = ker f{zj) and ker Res^=^^ /(2;)~^ = Ran f{zj). Hence 
we obtain the following results. 

Theorem 5.11. A polynomial L{z) is the perturbation determinant for some Jacobi ma- 
trix with 1 — AnA^ = Bn = for all large n if and only if it obeys 

(i) L{z) is nondegenerate on (D \ M) U {0}; 

(ii) all zeros on © fl M are simple; 

(iii) kerL(l/^j)* C Ran L{zj) for each zero Zj in D, and the unique solution corre- 
sponding to Ii5.21\) - i[5.22\) is Hermitian and non-negative; 

(iv) L(0) = 1. 

Theorem 5.12. Let L{z) be analytic in {z \ \z\ < R} for some R> 1. L{z) is the pertur- 
bation determinant for some Jacobi matrix with limsup„_^o^ (ll-^nll + l|l " ^n^nll)^^^" — 
R^^ if and only if it obeys (i), (ii), (iv), and (iii) for every Zj with 1 > |2j| > R^^ . 

Proofs. Denote Vj to be the nonnegative solutions of f l5.2ip -f l5.22p corresponding to 1 > 
\zj\ > R^^. For the rest of z/s pick any nonnegative Vj. Let Wj = a* H^^^'^VjH^^^'^a > 0, 
Wj = {zj^ — Zj)z~^Wj, and u{z) = L(z)\/Ha, where a is any unitary matrix, and 
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Y,Wj + ^ r sin' e [u{e''yu{e'')\ ' dO = a^R-^'^HH-^'^a = 1. 

Moreover, Wj solves f l5.2ip -( l5.22p with / replaced by u for every 1 > \zj\ > R~^. This 
means that the condition (iii) of Theorem I3.6| / 13.7I holds, and all the weights for zj with 
1 > \zj\ > are canonical. Thus Theorems I3.6| / l3n apply and we are done. □ 

6. Meromorphic Continuations of Matrix Herglotz Functions and 

Perturbations of the Free Case 

6.1. Proof of Theorems D and [am 

Proof of Theorem \3.8[ (I) ^(11) Assume (I) holds. (A) follows from Theorem 14.61 (viii). 
(B) follows from Theorem 14.61 (vi) and (v). (C) is immediate from f l4.32p . 

Now let us show (D). First of all, it is a straightforward calculation to see that for any 
F with a first order pole, 

(6.1) Res F\z) = -^{Res F{z)y. 

Since u{z; J') is analytic at zj'^, then using fl4.32p . 

= Res u{z; J) = {zj' - zj) Res u\z; J)-\M{z-^) - M\z-^))-\ 

z=z^ 1 z=z^ ' 

which implies 

(6.2) Ran {M{zJ^) - M^{zJ^))-'^ C ker Res u^{z; jy\ 

Now, ker Res^^^-i m''(2;; J7)"-^ = ker ReSz=zj u{z; jy^* = Ranu{zj; J)* = kei u{zj; J)^ = 

Ranw/ = Ran Res,=^^^ M{z)^, andRan{M{zJ^)-M^{zJ^))-^ = keT{M{zJ^)-Mi{zJ^))-^ 
since M is Hermitian on the real line. This gives (13. Sp . 

Note that (M(z) - M^{z))-^M{z) = 1 + (M(z) - M^{z))-'^M^{z) is analytic at zj^ 
since {M{z) - (z))''^ (z) is analytic at zj^ by f M . 

Now, by ( K29\i . u{z; J)M{z) must be analytic at zj'^ . Then using iKT2\ . 

= Res u{z-J)M{z) = {zj^ - zj) Res {z; J)-\M (z) - M\z))-^M{z), 

z=z^ 1 z=z^ ' 

which implies Ran {M{zJ^)-M^{zJ^))-'^M{zJ^) C ker Res^^^-i u^{z; J)-^ = Ranu^{zT^; J) 
Ranwj^, which is (13. 9p . 

(11)^ (I) Now assume (A)-(D) holds. Because of (A), M has only finitely many poles 
{zj} in D, all of which are real and simple since M is Herglotz (see [H]). Let wj = 
-Res,=,. M{z). 

Now we construct a function u as described in Theorem 15.21 and the remarks after it. 
First, there exists an outer function O satisfying ( I4.38P by the Wiener-Masani theorem 
(Lemma I2.16P since Szego's condition (I4.39P trivially holds. Then form a matrix-valued 
Blashcke product B = Ylj Bz.^Sj,Uj with sj = dim Ran {y^, where we pick unitary matrices 
Uj so that kei B{zj)0{zj) = Ranw^ (see Lemma [5TT7]) . Now put u{z) = B{z)0{z), which 
is an H[^(D)-function. 

Define 

(6.3) u{z) = {z - z-^)u^{z)-\M{z) - M\z))-\ 1< \z\ < R. 
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Since by the construction u{e^^)*u{e^^) = sin^(ImM(e*^))^"'^, we have u{e^^) = M(e*^), 
where the values of u, u on dB) are meant in the sense of nontangential hmits. Now 
note by (C), sin6'(ImM(e*^))~"'^ is continuous, and therefore sup^g^jj ||n(z)|| < oo. By 
the Smirnov maximum principle for matrix-valued functions (see jl4,|), sup^gp ||'u(2;)|| < 
sup^ggo \ \u{z) 1 1 < oo, i.e., u is bounded on D. Note that is bounded on a neighborhood 
of any point of (9D\ {±1}, and then so is u by (16. 3p . Therefore Schwarz reflection principle 
allows us to conclude that w is a meromorphic continuation of u. Since u is bounded on 
D, ±1 must be removable singularities. 

Note that by (B), M{z) — M\z) in regular on 5© \ {±1} with at most simple poles at 
±1. Therefore (16. 3p proves that u has no zeros on \ {±1} with at most simple zeros 
at ±1. 

Thus u satisfies all of the conditions of Theorem 13.41 (with Wj = {z~^ — Zj)z~'^Wj), 
and it's clear that the unique measure /i of Theorem 13.41 is the measure corresponding to 
M. In order to apply Theorem 13.71 we need to show that u is analytic (rather than just 
meromorphic) in Dr, and that the weights for those zj with 1 > \zj\ > are canonical. 

(16.31) shows that singularities of u can only happen at z~'^, in which case they are simple 
poles. Note that (13. 8 p can be rewritten as 
(6.4) 

Ran(M(2~^) - M^zJ^))-'^ = {keT{M{zr^) - M\zJ^))-^)^ D Ranw/ = keTu{zj)^ 

= Ranu{zj) = Ran-u^(2;^^^) = ker Res u'^{z)~^, 

where in the second-to-last equality we used (16. ip . This and (16. 3 p imply 

Res u{z) = {zj - zj^) Res u\z)~\M{z-^) - M^zJ^))-'^ = 0, 

i.e., there is no pole at zj, i.e., u is analytic in Di^. 

By the remark after (I5.18P we will establish that all the weights are canonical if we 
show that u^^\z) = z~^u{z)M{z)An+i is analytic at z~^. This is what (13. 9 p is for. 

First of all, note that Ran Res^^^-i M''(z) = Ra.ia Res z=zj M{z) (just use (16. ip and 

Wj = w*), so ^M) implies that {M{z) - M^{z))-^M{z) = 1 + {M{z) - M^{z))-^M^{z) is 
analytic at zj-^. This justifies that the use of the expression in (13. 9p . Now note that (13.90 
can be rewritten as 

(6.5) Ran {M{zJ^) - M\zJ'^))-^ M{zj'^) C Ranwj^ = ker Res u^{z)-\ 

which implies that u^{z~^)-^{M{z~^) - M^{z~^))-^M{z~^) is analytic. By this is 

u{z-')MizT'). 

Theorem 13.71 applies, giving (13. 7p . □ 

Proof of Theorem \3.S\ That (I) implies (II) is clear from (I4.29p and the fact that u and 
M*^^-* are polynomials. 

Assume (II) holds. Then, going through the proof of the previous theorem, note that 
u is entire and by (16. 3p grows at most polynomially. Therefore it is a polynomial, and so 
Theorem 13.61 applies. □ 



In the remarks after Theorems 13.81 and 13.91 we mentioned that condition (D) can be 
restated in a better-looking form in some special cases. Let us prove it here. 
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Proposition 6.1. • If M has a pole of the first order at zj^ then (D) is equivalent 
to 

(6.6) RanWj C Ran {wj — z'^qj), 

(6.7) Ranwj fl Rangj = 0, 

where Wj = — Res2=2^. M{z), qj = Res^^^-i M{z). 

• If I = 1, then (D) is equivalent to the condition that M has no simultaneous 
singularities at points Zj and z~^ . 

Proof. If M has a first order pole at Zj'^, then we can apply Lemma [2.151 to the analytic 



function (M - M")"^ and see that can be rewritten as 



1 



(6.8) Ranwj C Ran Res^ M{z) - M^{z) = Ran (g,- - —Wi 



^2 "^Ih 



where we used (16. ip and the fact that and Wj and q^ are Hermit ian. 
Now note that (13. 9p is equivalent to 

= Res u{z;J)M{z) = u{zJ^;J) Res M{z), 

z=z . ^ z=z . ^ 

3 3 

which means 
(6.9) 

Rang,- C \ieiu{zj^] J) = Ran Res u{z; jy^ = Ran Res {M{z) - M\z))u\z; J) 

= Ran (qj ^Wj)u{zj; J')* = Raiiqju{zj; J')* 

where we successively used here: Lemma r2.15[ f l4.32p . (16. ip . and (I4.30p . Finally, note that 
(16. 9 p is equivalent to ker C keru^Zj] J)qj, i.e., Rang^ r\'keTu{zj; J) = 0, which is (16. 7p 
by dl^ni). 



Now let / = 1, and assume M pole of order 1 at zj G D (it cannot have higher 

.n 

M{z) 

Miz) 

the right-hand side of (13. 9 p becomes ^Ran lim^^_^-i(l — ^^^)^^j = {0}. But the left- 
hand side is C, a contradiction. □ 



order poles there), and of order > 1 at Zj ^. Then lim^_^^-i(l — ^j^j^) is finite, so 
lim_^^_2"i(l ~ ^JM^)~^ is nonzero (and it actually cannot be infinite by (13. 8p ). Therefore 
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